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1. INTRODUCTION 
In [l], a method for constructing numerical solutions of Dirichelt’s problem in a rectangle for 
Laplace equation is given. More recently, analytic numerical solutions of mixed problems for sep- 
arate variable coefficient parabolic and hyperbolic type equations have been constructed in [2,3]. 
This paper may be regarded as a continuation of the method developed in [2-5] and an extension 
of the results given in [I]. Consider the problem 
u~,(s,y)+~u~~(r,Y)=O, O<a:<l, O<y<l, (1.1) 
U(z,O) = 0, O<Zll, (1.2) 
UC&Y) = 0, (1.3) 
U(z, 1) = s(z), (1.4) 
W,Y) = 0, (1.5) 
where A(z) 2 0, B(y) L 0, and g(x) is a function with properties to be determined below. 
Section 2 deals with the construction of a exact series solution of the problem using the separation 
of variables method. The method can be easily extended to the case where all the boundary 
conditions are nonzero. If C is a matrix in RTZT, its logarithmics norm, denoted by p(C) is 
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defined by 
/J(C) = max 
{ 
c+c* 
w; w is eigenvalue of - 
1 2 . 
2. DIRICHLET’S PROBLEM IN A RECTANGLE 
Consider problem (l.l)-( 1.5) where: 
g(z) is three times differentiable, gc3)(z) is piecewise continuous and has 
a bounded variation in [O,l] with g(0) = g(1) = gc2)(0) = gc2)(1) = 0. 
We seek solutions U(z,y) = X(z)Y(g) of problem (l.l)-(1.5) where 
X”(z) + X2A(z)X(x) = 0, X(0) = X(1) = 0, 
Y”(Y) - X2%)Y(Y) = 0, Y(0) = 0. 
Let {X,),2, be the eigenfunctions set of Sturm-Liouville problem (2.2) satisfying 
X,(O) = 0, XL(O) = 1, 
and the eigenvalues set {X,),2, satisfying 
where 
a(O, 1) = min{A(z); 0 5 z 2 l}, 
A(0, 1) = max{A(z); 0 I 5 < l}, 
B(O, 1) = max{B(y); 0 I Y I l}, 
see [1,5] for details. Assume that 
A(s), B(y) are positive continuously differentiable functions, 
let us denote 
A'(0, 1) = max {A’(z); 0 5 z < 1). 
By (2.5) and Theorem 4.1 of [6], it follows that: 
Consider the initial value problem 
Y:(Y) - ~zJQ#&) = 0, 
Y,(O) = 0, Y;(O) = e 
-(1+n~ny#/2, 
and the equivalent extended problem 
K(Y) WY> = y'(y) ’ 
[ 1 
Z:,(y) = [x&y) ;] Zn(0), z,(o) = [e-(l+&,,2] . 
(1.6) 
(2.1) 
(2.2) 
(2.3) 
(2.4) 
(2.5) 
(2.6) 
(2.7) 
(2.8) 
(2.9) 
(2.10) 
(2.11) 
Solving Dirichlet’s Problem 695 
Note that by (1.6), see also [4], one gets 
‘([xz;(y) ;I> = l+xp)T 
and by [7, p. 1101, it follows: 
IIG(Y)ll2 = (lK(Y)12 + 
By (2.5), (2.6), (2.12) one gets 
IYi(y)12) 1’2 I e- (1++$$9/2,j;( *+;,;;df;;““) dr 1 
O<yll. 
(2.12) 
lK(Y)12 + IWY/)12 5 e -(1+q4y)/2,(“)9 < 1 
Oly<l. 
Let U,(Z, y) be defined by 
Un(GY) = x,(z)Y,(Y)G(g), 
note that U, satisfies (1.1) together with 
U,(Z,O) = 0, Un(O,Y) = 0, U,(l,Y) = 0, nil 
Under hypothesis (2.1) by Theorems 3 of [4] and (2.9) it follows that: 
where 
,c 
n (A(0))3/2n%r3 ’ n2 1, 
g(2)(x) ’ 
G(x) = A(z) . ( > 
Let us consider the candidate series solution 
U(x, y) = c G(x, Y) = c Xn.(X:)yn(YP~(9)~ 
(2.13) 
(2.14) 
(2.15) 
(2.16) 
(2.17) 
(2.18) 
7L>l n>l 
Note that by (2.9), (2.13), (2.16), the series (2.18) as well as the series 
c -‘2:;:y y, = -c ;;A(x)Un(x, y), 
7X21 FL>1 
c ~2GL(x, Y) 
Ql dY2 
= c ~:B(Y)Un(x,Y), 
n>l 
are uniformly convergent in [0, l] x [0, 11, and thus, U(x, y) defined by (2.18) is twice termwise par- 
tially differentiable with respect to both variables, and thus, U(x, y) satisfies (l.l)-(1.3) and (1.5). 
Taking y = 1 in (2.18), by Theorem 3.10 of [8, p. 901, U(x, y) satisfies also condition (1.4). Sum- 
marizing the following result has been established. 
THEOREM 1. Assume conditions (2.1),(2.7) and let U(x, y) be defined by (2.18) is an exact series 
solution of problem (l.l)-(1.5). 
REMARK 1. The result of Theorem 1 is also true if zero boundary conditions are replaced by 
functions satisfying conditions of the type (2.1) in both variables x and Y. Truncation strategies 
to construct finite partial sums approximations of the infinite series solutions can be implemented 
following the ideas developed in [2-51 for hyperbolic and parabolic problems. 
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